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Estimating Temperature-Dependent Thermal Properties
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Parameter estimation techniques are applied to estimate temperature-dependent thermal properties from a
series of transient experiments. Several experiments with one- and two-dimensional heat � ow that cover a range
from room temperature to 500±±±±C are analyzed. Temperature-dependent thermal properties are estimated by
connecting the independent experiments in the series during the analysis. The techniques are applied to estimate
effective properties of carbon-carbon composite. The temperature dependence of two components of thermal
conductivity and volumetric heat capacity are estimated to characterize the assumed orthotropic material. The
techniques can be equally applied to other homogenous materials. Combining experiments during the analysis is
referred to as a sequential analysis,which uses the concepts of regularizationand prior information.Regularization
controls variations in the estimated parameters. Prior information carries information from a previous analysis
into a subsequent analysis. The functional dependence of the properties estimated with a sequential analysis show
excellent agreement with previous analyses that considered the experiments independently.

Nomenclature
bn , b j,n = parameter vector for experiment n
Obn , Ob j,n = estimated parameter vector, experiment n
C = speci� c heat, J/kg C
H = regularizationmatrix; Eq. (14)
J = number of sensors
k = thermal conductivity,W/m±C
N = number of discrete measurements in time
p = number of parameters
S = sum-of-squares function
Spn = regularizationsum-of-squares function,

experiment n
T = temperature, ±C
Tb = scaled sensitivity coef� cient, ±C
Ti = initial temperature, ±C
T j = discrete temperature value, ±C
OTn , OT i, j,n = calculated temperature, experiment n, ±C
Un , Ui, j,n = weighting for prior information, experiment n
un , u j,n = prior information, experiment n
Wn , Wi, j,n = weighting for sensors, experiment n, ±C¡2

Xn , X i, j,n = sensitivity coef� cient, experiment n
Yn , Yi, j,n = measured temperature, experiment n, ±C
a = regularizationweighting
h = linear basis function; Eq. (11)
q = density, kg/m3

Subscripts

cc = carbon-carboncomposite material
x = x direction
y = y direction
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I. Introduction
Motivation

A CCURATE modeling of thermal systems is becoming increas-
ingly important.Designers are relying more on computer sim-

ulations to design complex thermal systems, with less dependence
on costly experimental testing and validation. Consequently, ma-
terial properties and estimation techniques are required to sup-
port simulation-based designs. Methods to estimate thermal prop-
erties should be general enough to treat multidimensional cases,
anisotropiceffects, and temperature dependence. In this paper pro-
ceduresare describedfor estimatingtemperature-dependent thermal
properties (thermal conductivity and volumetric heat capacity). A
series of discrete independentexperiments that cover a desired tem-
perature range are analyzed in a sequential manner to estimate a
functional dependence for the thermal properties. Issues associated
with a sequential analysis and the bene� t of such an analysis are
discussed.

Several experimentalapproachesare possiblefor estimating tem-
perature-dependentthermal properties.One approach involvescon-
ducting experimentsat regular intervalsover the temperature range.
Each experiment is conducted such that the change in the ther-
mal properties with temperature for the experiment is negligible;
the thermal properties are assumed to be constant for that experi-
ment. These experimentsare analyzedindependently,and estimated
thermal properties are obtained for each experiment. Temperature
dependence of the thermal properties is obtained through a post-
processing (curve � t) of the thermal properties estimated from the
individual experiments. In this approach the temperature depen-
dence of the thermal properties depends on the reference temper-
ature selected for the experiment. Initial temperature and average
temperature (in space, with time, or both) are possible selections
for a reference temperature. Previous experimental studies to es-
timate temperature-dependent properties have applied this type of
approach.1¡3

A second approach involvesconductinga single experimentwith
a temperature range that spans the entire range desired for the
thermal properties. An advantage of this approach is that physi-
cal changes in the material can be modeled with the temperature
dependenceof the properties.4 The single experiment is analyzed to
directly estimate the dependence of the thermal properties. Practi-
cal problems exist for conducting experiments of this type when a
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large temperature range is desired.For example, it can be dif� cult to
cover the entire temperature range in a single experiment. Further-
more, heat losses to the ambient environment, which are dif� cult
to quantify, may become signi� cant in an experiment with a large
temperature range. Finally, ancillary materials in the experimental
apparatusmay also become important in the model, and hence must
be accurately described.

A third approach lies between the previous two approaches. In-
dividual experiments are conducted at intervals across the desired
temperature range, but the propertiesmay vary with temperature for
a single experiment. Unless the analysis links the individual exper-
iments, discrete functions from each experiment are obtained. It is
not necessarily true that these discrete functions are continuous or
will agree for each experiment. It may be dif� cult to make use of
the independent results in this situation.

In a laboratory setting there is suf� cient � exibility for perform-
ing all such experiments. In the � rst and second approaches the
temperature dependence of the thermal properties is obtained over
the entire range without a need to link the analysis of individual
experiments. The approaches require covering either many small
temperature intervals or a single large temperature interval. In both
cases there are already noted disadvantages. Because experiments
are costly and time intensive, covering larger intervals would be
advantageous.However, experimental accuracy may limit the tem-
perature range of an experiment and require more moderate tem-
perature ranges. Furthermore, if experiments are performed over a
long period (years, for instance), it would be bene� cial to combine
previousexperimentswith the currentwithoutrepeatingthe analysis
of all past experiments.

It is therefore desirable to connect a series of experiments during
the analysis to estimate temperature-dependent thermal properties.
Such an analysis allows discrete experiments, each providing in-
formation concerning a portion of the overall range, to be joined
in the analysis. This procedure is called a sequential analysis. Al-
though it is unclear whether it is better to conduct one experiment
that covers the entire range or a series of experiments, the latter
is experimentally simpler. In instances where it is not possible to
cover the entire temperature range, this procedureprovidesa means
to link experiments.

An alternative to a sequential analysis is to analyze all experi-
ments simultaneously.This approach would ideally be the most ac-
curate. There are several dif� culties with simultaneouslyanalyzing
the experiments, as well as bene� ts not realized in a simultaneous
analysis. These aspects are discussed in Sec. II.

The sequential analysis concept, and incorporating information
from prior experiments into succeeding ones, applies to the more
general case. As more ambitious experimental investigations are
conducted, it is becoming increasingly dif� cult to estimate all de-
siredparametersfrom a singleexperiment.In complexcases a series
of experiments may be needed to fully characterize all parameters
in the model. In such a series of experiments,each individualexper-
iment focuseson one or more parameters.The techniquespresented
in this paper are applicable for combining or linking the individual
experiments during the analysis to characterize the overall model,
which is a powerful procedure that allows complex experiments to
be combined with complex analyses.

There are two objectives of this paper. The � rst objective is to
outline and discuss the procedure for a sequential analysis. The
methods are motivated by a need for connecting a series of ex-
periments to characterize thermal properties. It is, however, not
just limited to determining temperature-dependent thermal prop-
erties. The second objective is the application of these methods to
estimate temperature-dependent thermal properties for a carbon-
carbon composite over a temperature range from room tempera-
ture to 500±C. Both one- and two-dimensional experiments are an-
alyzed to estimate thermal properties. Because the data has been
previouslyanalyzed by considering the experiments independently,
we show that consistent results are obtained with a sequential
analysis.

Although a sequential analysis has previously been performed,5

in this papermore experiments(over 20) are considered.In addition,

experimentswith one- and two-dimensionalheat � ow are analyzed
in a combinedmanner.This is the � rst known analysis that combines
experiments with one- and two-dimensionalheat � ow.

In the next sectiona brief reviewof the literatureis given.Methods
used for the sequential analysis are discussed in Sec. II. Aspects of
the experimentalapparatusand representativeexperimentaldata are
described in Sec. III. The estimated temperature-dependent proper-
ties are presentedin Sec. IV, with a comparisonto previousanalyses.
Concluding remark are given in Sec. V.

Literature Review

Previous inverse approaches to estimate temperature-dependent
thermal propertieshave mainly used simulateddata.Although these
studies are insightful, the data that is assumed available may be
excessive. In such investigations measurements are assumed to be
availableat equally spaced locations (in time and space) throughout
theentiredomain.6¡8 Suchmeasurementsarenotgenerallyavailable
from an experiment. Measurements at a relatively small number of
locations4 on an accessible surface9 typically are available.

An alternateapproachto estimate temperature-dependent thermal
properties is to assume the properties are a distributed parameter
varying in space and time.7,8 The heat-conduction problem is lin-
ear with this assumption. However, the estimation problem is more
ill-conditionedbecause thermal properties are estimated as a func-
tion of time and space.For practicalproblemspossibly thousandsof
components are needed to represent the distributed parameter. This
requires measurements throughout the spatial domain as well. Ad-
ditionally,assuming a distributedparameter does not necessarilyin-
sure a one-to-onecorrespondencebetween the thermal propertyand
temperature. The temperature dependence of the thermal property
could be multivalued.Extending this approach to multidimensional
problems,as consideredhere, is probablyimpracticalbecauseof the
data requirements.

II. Analysis
Parameter estimation techniques are powerful analysis methods.

In a sequential analysis an adaptation of the techniquesand insight
to the problemare used.By adaptingparameterestimationand com-
bining with regularization methods, analyzing a series of discrete
experiments in a sequential manner and carrying information from
previous analyses into a succeeding analysis is possible. A typical
application of parameter estimation minimizes a sum-of-squares
function using data from a single experiment to estimate parame-
ters. For example, the following sum of squares is minimized to
estimate parameters from a single experiment:

S D (Y ¡ OT)T W(Y ¡ OT) D
JX

j D 1

NX

i D 1

Wi, j (Yi, j ¡ OTi, j )
2 (1)

where Y and OT are vectors of measured and calculated temperature
composed of measurements at different times and sensor locations,
Yi, j ´ Y (ti , x j ) and OTi, j ´ OT (ti , x j ). The weighting matrix is W
with componentsWi, j (oftenthe identitymatrix for lackof additional
statistical information).

An alternate approach to a sequential analysis is to simultane-
ously analyze the set of experiments. In this approach an additional
summation over the number of experiments is added to Eq. (1). The
dif� culty is to simultaneously analyze many experiments (over 20
experimentsare consideredin this paper). It couldbe cumbersometo
analyze more than a handful of experiments simultaneously.There
are tools10 that may aid in such a process, however.

The most bene� cial aspectof sequentiallyanalyzingexperiments,
instead of a simultaneous analysis, is the insight provided while
experimentsare ongoing. Experiments are generallyconducted in a
serialmanner.A sequentialanalysisallowsan individualexperiment
to be combinedwith previousexperiments,whichprovidesfeedback
during the analysis. The feedback can show the impact of a current
experimentand indicatethepath that futureexperimentsshouldtake.
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In addition, recently performed experiments can be combined with
past experiments,conductedperhapslast year,without repeatingthe
analysis for all experiments.

To sequentially analyze a series of experiments, without having
to reduce the data from all experiments simultaneously, another
sum-of-squares function is used5:

Sn D (Yn ¡ OTn)T Wn(Yn ¡ OTn ) C Spn (2)

The subscript n indicates the sum-of-squares function is for the
analysis of the nth experiment. The � rst term is the same as the
preceding function using data from experiment n. An additional
prior information/regularizationterm is addedto the sum-of-squares
function, for n D 1,

Sp1 D (Hb1)
T (Hb1) (3a)

whereas for n > 1,

Spn D (un ¡ 1 ¡ bn )T Un ¡ 1(un ¡ 1 ¡ bn)

D
pX

k D 1

pX

l D 1

Ul ,k ,n ¡ 1(ul,n ¡ 1 ¡ bl ,n )(uk,n ¡ 1 ¡ bk,n ) (3b)

The prior information/regularizationtermhas two functions.Reg-
ularization,Eq. (3a), permits a solution,which may not be accurate,
when little information or few measurements are available. Reg-
ularization is needed to start and allow the sequential process to
proceed when it is not possible to estimate all parameters from a
single experiment. Hence regularization controls variations in the
parameters, which otherwise could not be estimated, until enough
information is available; i.e., a suf� cient number of experiments
have been considered to estimate all parameters. It also allows for
prior information, Eq. (3b), about the parameters from a previous
analysis to be included in the present analysis. The prior informa-
tion is weighted accordingly with Un ¡ 1 . Weighting is based on the
previous analysis and discussed below.

To estimate thermal properties the difference between the mea-
suredand calculatedtemperaturesin the augmentedsum-of-squares
function in Eq. (2) is minimized with respect to the thermal proper-
ties. The procedure takes the derivative with respect to the thermal
properties,sets it equal to zero, and solves the resulting set of equa-
tions for the estimated properties Obn . The details of this procedure
for a sequential analysis are discussed in Beck and Osman5 and
are outlined here for completeness and to physically motivate its
use. The sequential procedure analyzes the � rst experiment (n D 1)
without prior information, but regularization is included, Eq. (3a).
The resulting set of equations for estimating parameters from the
� rst experiment are5

n D 1

U(k)
1

Ob(k C 1)
1 ¡ Ob(k)

1 D X(k)T
1 W1 Y1 ¡ OT(k)

1 ¡ HT H Ob(k)
1 (4a)

U(k)
1 ´ X(k)T

1 W1X(k)
1 C HT H (4b)

The regularization term, HT H in Eq. (4), is discussed in Sec. IV,
including how to select its magnitude.

Subsequentexperimentsare analyzedincludinginformationfrom
the previous experiments:

n > 1

U(k)
n

Ob(k C 1)
n ¡ Ob(k)

n D X(k)T
n Wn Yn ¡ OT(k)

n C Un ¡ 1 un ¡ 1 ¡ Ob(k)
n

(5a)

U(k)
n ´ X(k)T

n WnX(k)
n C Un ¡ 1 (5b)

The prior information and its weighting in Eq. (5a) are based on
the converged values of the thermal properties from the previous
analysis:

un ¡ 1 D Obn ¡ 1 (6)

Un ¡ 1 D U(k)
n ¡ 1 b D Ob(k )

n ¡ 1

(7)

The subscript n ¡ 1 for the prior information and its weighting
indicate that it is calculated from the analysis of experiment n ¡ 1,
which includes results from all previous experiments.

The sensitivity matrix in Eqs. (4) and (5) is the partial derivative
of the temperature with respect to the parameter vector

X(k)
n D

¶ Tn

¶ b
b D Ob(k)

n

(8)

In Eqs. (4) and (5) the superscript (k) is an iteration index. Be-
cause the sensitivity matrix in Eq. (8) depends on the parameters
being estimated, it is a nonlinear estimation problem, and iteration
is required.

Equations similar to those in Eq. (5) for the sequential analysis
are obtained when two experiments are analyzed simultaneously
with certain assumptions.5 Hence, similar properties are obtained
whether experiments are analyzed simultaneously or sequentially.
The parameters are not adversely biased by performing a sequential
analysis.

An important issue is selecting the magnitude and order of the
regularization.The regularization term used is a form of Tikhonov
regularization.11 There are several possible orders of Tikhonov reg-
ularization.Because issues associatedwith selecting regularization
are often problem dependent, discussion on this topic is done in
the results section. However, an understanding of the general in-
� uence of the regularization and prior information is important for
understanding the sequential analysis concept.

The role of the regularization term is to stabilize the solution.
Stability is required to estimate parameters when possibly little or
no information is available. The information matrix XT WX gives
an indication of the information available for a parameter. When
there is not much information available for a parameter, the corre-
sponding diagonal entry in this matrix is very small. In the analysis
of the � rst experiment Eq. (4b), the regularization term (HT H) is
added to the informationmatrix X(k)T

1 W1X(k)
1 to prevent a zero entry

for all subsequent analyses. The regularization term added during
analysis of the � rst experiment carries its effect to all subsequent
analyses in matrix Un ¡ 1, Eq. (5b). Unless an experiment provides
enough information,such that (X(k)T

n WnX(k)
n > Un ¡ 1), the estimates

from an experimentwill remain near the prior estimates un ¡ 1 . Con-
sequently, it is important to correctly specify the magnitude of the
regularizationat the beginning.The danger is in making the regular-
ization too large.Procedures to select the regularizationare outlined
in the Sec. IV.

III. Experimental Aspects
Experimental Apparatus

The sequential analysis of a series of experiments is applied to
estimate the thermal properties of carbon-carbon composite. The
laboratory experimentmeasures transientheat � ux and temperature
for estimating thermal properties. The carbon-carbon composite is
orthotropic by nature. To characterize its properties, experiments
with one- and two-dimensional heat � ow are conducted. The one-
dimensional experiments characterize the thermal conductivity in
one principle direction. Two-dimensional experiments depend on
two components of thermal conductivity. Because transient exper-
iments are conducted, both experiments depend on the volumetric
heat capacity. The series of experiments conducted cover the range
fromroomtemperatureto 500±C. Previousanalyseshave considered
the experiments independentlyand neglect variation in the thermal
properties with temperature during an individual experiment1,2; a
temperature rise of 20±C is typical for an individual experiment.
In a sequential analysis the discrete experiments are joined during
the analysis. Although the previous assumption1,2 of constant ther-
mal properties for each experiment are valid for the given tempera-
ture change, applicationof the sequential analysisdemonstrates the
approach. Consistency of the estimates from a sequential analysis,
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Fig. 1 Experimental apparatus for estimating thermal properties of
carbon-carbon composite.

Fig. 2 Thermalmodelof two-dimensionalexperiment to estimate ther-
mal properties of carbon-carbon. For one-dimensionalexperiment heat
� ux q(((t))) extends over entire lower surface.

comparedwith an independentanalysisof each discreteexperiment,
is supported in this study also.

A sketch of the experimental setup used to estimate the ther-
mal properties of the carbon-carbon material is shown in Fig. 1.
It consists of two nominally identical carbon-carbon composite
specimens (7.62 £ 7.62 £ 0.91 cm) and ceramic insulation blocks
(7.62 £ 7.62 £ 2.54 cm, Zircar Products Inc., Florida, New York)
with a mica heater assembly [Thermal Circuits, Inc., Salem,
Massachusetts; \ (Troom) D 33 ohms] located between the halves.
The heater assembly consists of three (2.34 £ 7.62 cm surface area)
independentlycontrolled heaters that extend over the entire surface
normal to the page for negligible temperaturevariation in this direc-
tion. For two-dimensionalexperimentsonly one of the three heaters
is activated. Five thermocouples (Type E, 0.254-mm nominal wire
diameter) are embeddedon the surfaceof each carbon-carbonspeci-
men at theheater/specimeninterface.The thermocouples(insulation
removed) are cemented into grooves (0.381 mm wide £0.457 mm
deep) that extend the length of the specimen (normal to the page).
Two thermocouplesare at each interfaceof the carbon-carbonspec-
imen and the ceramic insulation. The entire setup is mounted be-
tween two 3.18-mm-thick aluminum plates that are connectedwith
threaded rods and hold the layers � rmly in place. The entire ap-
paratus is put in a furnace, which allows the initial temperature to
be varied. Experimental aspects are further discussed in Ulbrich
et al.12

A schematic of the thermal model of the experiment is shown
in Fig. 2. All outer surfaces are assumed adiabatic, except for the

Table 1 Sensor locations in experimental apparatus
(origin at lower-left-hand corner of carbon-carbon

specimen)

Location cm (in.)Sensor
number x y

3, 8 0.89 (0.35) 0
4, 9 1.91 (0.75) 0
5, 10 3.18 (1.25) 0
6, 11 4.45 (1.75) 0
7, 12 6.73 (2.65) 0
1, 13 1.27 (0.5) 0.91 (0.36)
2, 14 6.35 (2.5) 0.91 (0.36)

Fig. 3 Experimental data with one-dimensional heat � ow (((Ti =
508±C))).

Fig. 4 Experimental data with two-dimensional heat � ow (Ti =
297±C).

surface where the energy is introduced by the heater. The energy to
the heater is assumed to divide equally between the two halves and
emanate from the middle of the heater assembly (y D ¡0.042 cm).
Sensor locations are listed in Table 1. Sensor readings on opposite
sides of the heater are averagedfor the analysis.The model includes
a mica heater and ceramic insulation in addition to the carbon-
carbon. Separate experiments were conducted to estimate effective
properties for the mica and insulation materials.12

Experimental Data

Representativedata from experiments with one-dimensionaland
two-dimensionalheat � ow are shown in Figs. 3 and 4, respectively.
One-dimensional experiments average all thermocouple readings
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along a constant y location. Two-dimensional experiments aver-
age thermocouples at symmetric locations. The one- and two-
dimensional experiments have uniform initial temperatures of 508
and 297±C, respectively.Experimentaldata at other initial tempera-
tures have the same general shape and features, but magnitudes are
different depending on the initial temperature.

One-dimensionalexperimentswere conductedat initial tempera-
tures of 31, 42, 95, 109, 143, 159, 195, 259, 295, 304, 403, 455, and
508±C. Two-dimensional experiments were conducted at 65, 111,
158, 205, 256, 297, 353, and 403±C. There are 13 one-dimensional
and 8 two-dimensional experiments.

IV. Results and Discussion
Description of Thermal Properties

Temperature dependenceof the thermal properties is represented
with a series of linear segments

k(T ) D
pX

j D 1

k j h j (T ) (9)

q C(T ) D
pX

j D 1

q C j h j (T ) (10)

where

h j (T ) ´ 1 ¡ h j C 1T j · T · T j C 1 (11a)

h j C 1(T ) ´
T ¡ T j

T j C 1 ¡ T j
T j · T · T j C 1 (11b)

h j (T ) D h j C 1(T ) D 0 otherwise (11c)

This representation is selected for the thermal properties because
most computational codes allow this input format. In addition, the
parameters are the values of thermal properties at the reference
temperature:

k j ´ k(T j ) (12a)

q C j ´ q C(T j ) (12b)

Hence the parameter values have physical meaning. In contrast,
other investigations6,9 have estimated an intercept and slope for
the linear segment. The slope of a property is not a value for which
engineerstypicallyhave a physical appreciation.Also, sensitivityto
the slope and intercept can have quite differentmagnitudes,making
them dif� cult to simultaneously estimate.

It is not required that values of conductivity and volumetric heat
capacityare estimated at the same referencedtemperaturesT j . Con-
ductivitycouldbe estimated at differentreferencetemperaturesthan
the volumetricheat capacity.However, the same reference tempera-
tures are used to describe the temperaturedependencefor this mate-
rial. Experiments are available at intervals spanning the range from
room temperature to approximately 500±C. Past analysis of these
experiments1,2 has indicated the temperature dependence of the
properties is second order. In this investigationtwo linear segments
(p D 3) are estimated to represent the temperature dependence of
the properties.The general representation is shown in Fig. 5. Three
parameters represent two linear segments to describe the tempera-
ture dependence. In general it is best to estimate as few parameters
as needed to describe the property variation. For one-dimensional
experiments six parameters are estimated to describe ky and q C ,
whereas nine parameters are required for ky , kx , and q C in two-
dimensional experiments.

Sequential Analysis

The idea in a sequential analysis is to control the variation of
the parameters that are dif� cult to estimate with regularization.For
example, it is obviouslynot possible to accuratelyestimate the ther-
mal conductivityat250±C,when theexperimentreachesa maximum

Table 2 Scaled sensitivity coef� cients for one-dimensional
experiments at three initial temperatures, t = 20 s and y = 0

Coef� cient Tky,1 , 30±C Tky,2 , 260±C Tky,3 , 525±C

Exp 1, Ti D 30±C ¡5.5 ¡0.3 0.0
Exp 2, Ti D 259±C ¡0.7E¡04 ¡4.1 ¡0.6E¡01
Exp 3, Ti D 508±C 0.0 ¡0.2 ¡6.2

Fig. 5 Temperature dependence for apropertydescribed by two linear
segments (three components).

temperature of 50±C. The dif� culty of estimating a component is
gauged by the sensitivitymatrix (X). If the entry along the diagonal
of the information matrix (XT WX) for a parameter is small com-
pared to other entries along the diagonal (for the same property), it
may be dif� cult to estimate that parameter. It is for such parame-
ters that the regularizationterm stabilizes the solutionand permits a
solutioneven though the particularexperiment is insensitiveto pos-
sibly several parameters. Subsequent experiments in the sequential
analysis provide information about the parameters for which the
current experiment may be insensitive.

Sensitivity coef� cients can provide insight to the sequential pro-
cedure. Scaled sensitivitycoef� cients are particularlyuseful as they
have units of temperature and can be readily compared for differ-
ent parameters. The scaled sensitivity coef� cient for parameter bi

is de� ned as

Tbi D bi
¶ T

¶ bi

(13)

There are several methods available to compute sensitivity coef� -
cients.13 For an assumed ky(T ) relationship that is composed
of two linear segments, there are three values of conductivity
to be estimated, corresponding to the reference temperatures
T1 D 30±C, T2 D 260±C, and T3 D 525±C, with ky,1 D ky (T D T1),
ky, 2 D ky(T D T2), and ky ,3 D ky(T D T3). The choice of these ref-
erence temperatures is arbitrary but is in� uenced by the nominal
temperature of each of the three experiments used in the analysis.
The fact that there are three experimentsand three referencetemper-
atures is coincidental. This is a subset of the experiments selected
to illustrate the concept.The three experimentswill each have three
scaled sensitivity coef� cients for a total of nine sensitivity coef-
� cients. These nine sensitivity coef� cients are arranged in matrix
form in Table 2 for the sensor locationnearest the heater (y D 0) and
t D 20 s.

The largest sensitivity coef� cients are located along the diagonal
of Table 2. Physically, this is because each experiment is designed
to operate around a temperature associated with each thermal con-
ductivitycomponent.Experiment1 gives no informationabout ky, 3;
similarly,Experiment 3 gives no informationabout ky ,1. These nine
sensitivitycoef� cients are shown graphicallyas a functionof time in
Fig. 6. (Componentsky ,3 and ky,1 are identicallyzero and not shown
for Experiments1 and 3, respectively,in Fig. 6.) From the sensitivity
we see that it is impossible to accurately estimate all three compo-
nentsfroma singleexperiment.However, the sensitivitycoef� cients
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Fig. 6 Scaled sensitivity coef� cients for three components of thermal
conductivity (ky ) representing its temperature dependence; three one-
dimensional experiments with different initial temperatures.

are large for the component near the range of the experiment (see
Table 2). Other sensitivities shown are one or more orders of mag-
nitude smaller than the components with a large sensitivity. Con-
sequently, by combining experiments the temperature dependence
can be accurately estimated. Similar trends could be shown for the
sensitivity to other thermal properties.

In Sec. II a sequential analysis proceeds to estimate components
prior to suf� cient informationbeing available.This is accomplished
using regularization.The regularizationterm is includedin the anal-
ysis of the � rst experiment,but it affects all subsequentanalyses. Its
effect is carried forward in the weighting of the prior information.
The regularizationterm, HT H in Eq. (4), is a formof Tikhonovregu-
larization.Several orders of Tikhonov regularizationare possible.14

As shown in Fig. 5, it is intended to represent the temperature de-
pendence of the thermal propertieswith a series of linear segments.
Because this is the case, � rst-order regularizationis used.First order
is chosen because it takes the difference between the two compo-
nents describing the end points of the linear segment. The nature
of � rst-order regularization is to minimize the difference between
these end points, i.e., minimize the slope. In the limit as the regu-
larization magnitude becomes large, the end points describing the
line become equal; the linear segment becomes a constant.

For � rst-order Tikhonov regularizationwhen estimating two lin-
ear segments (three components) to represent the conductivity and
volumetric heat capacity, the regularizationmatrix (H) contains the
weighting for differences between successive parameters. For ex-
ample, it would have entries to weight the difference between b1

and b2 and b2 and b3, which describe the piecewise linear tempera-
ture dependence in Fig. 5. The regularizationmatrix for estimating
parameters to describe two properties, both with temperature de-
pendence represented as shown in Fig. 5, is

H D

2

66666664

¡p
a 1

p
a 1 0 0 0 0

0 ¡p
a 2

p
a 2 0 0 0

0 0 0 0 0 0

0 0 0 ¡p
a 4

p
a 4 0

0 0 0 0 ¡p
a 5

p
a 5

0 0 0 0 0 0

3

77777775

(14)

The weights in the regularization matrix correspond to the param-
eter vector. The � rst three parameters (b1 to b3 ) represent two lin-
ear functions to describe the temperature dependence of the � rst
property. The next three are the parameters to describe temperature
dependenceof the second property.The weighting for the third row
is zero; regularizationbetween parameters describing two different
thermal properties is meaningless.

To clarify, consider the following parameter vector

b D

2

66666664

b1

b2

b3

b4

b5

b6

3

77777775

D

2

66666664

q C1 D q C(T D T1)

q C2 D q C(T D T2)

q C3 D q C(T D T3)

ky,1 D ky(T D T1)

ky,2 D ky(T D T2)

ky,3 D ky(T D T3)

3

77777775

(15)

where T1 , T2, and T3 are successive increasing temperatures. In Eq.
(14) a 1 is the weighting of the regularization term that includes the
difference between the end points ( q C1 and q C2 ) of the � rst linear
segment for q C . Likewise, a 2 is the weighting of the regularization
of the second linear segment (q C2 and q C3 ), and a 4 and a 5 are
the regularization weights for the linear segments representing ky .
These weights must be selected appropriately so that they control
variations in the estimated parameters during the analysis of initial
experiments, but do not in� uence the � nal estimated properties (af-
ter all experimentshave been considered). To select the magnitudes
of the regularization weights, the sensitivity matrix is examined.
For the regularization term not to in� uence the estimated thermal
properties, the magnitudes of a 1 , a 2, a 4 , and a 5 are selected such
that the diagonal of HT H in Eq. (4b) is small when compared to
diagonal of XT

n WnXn in Eq. (5b) after all experiments have been
analyzed. Provided the regularizationHT H is 3–4 orders of magni-
tude smaller than XT

n WnXn , the estimated properties are insensitive
to the speci� ed value for the regularization.A very rough estimate
of the magnitude for the j th component of the main diagonal can
be obtained as XT

n Xn ¼ (D Tn / b j )2 , where D Tn is the temperature
change for experiment n and b j is the j th parameter. This can help
select an initial magnitude for HT H.

Numerical Implementation

The proceduresto performthe sequentialanalysisdescribedin the
Analysis (Sec. II) are implemented in the parameterestimationcode
PROP2D. The code combines a two-dimensional � nite element-
based solver15 with sequential parameter estimation techniques.
Sensitivity coef� cients are computed using a � nite difference13 ap-
proximation.

The discretization of experimental apparatus, including a grid
study, is discussed in Dowding and Blackwell.16 One-dimensional
solutions are obtained with the two-dimensionalcode.

Estimated Thermal Properties

One- and two-dimensional experiments are available to estimate
the thermal properties of the carbon-carbon. The one- and two-
dimensional experiments are considered separately to demonstrate
consistencybetween the experimentsand check the adequacyof the
orthotropicmaterial model. Then the one- and two-dimensionalex-
periments are combined using the sequential procedure. Estimated
properties from the sequentialanalysis are contrastedwith previous
analyses that considered the experiments independently, assuming
the properties are constant for each experiment.

There are 13 one-dimensional and 8 two-dimensional exper-
iments. The open symbols shown in Fig. 7 represent the esti-
mated properties (ky , q C—one-dimensionaland ky , kx , q C—two-
dimensional) when analyzing each experiment independently,1,2

assumingthermalpropertiesare constantfor an experiment,butvary
between experiments. The circles are the independent analysis of
one-dimensionalexperiments and squares are for two-dimensional
experiments.

Also shownin Fig. 7 are estimated linearlyvaryingsegmentsfrom
the sequentialanalysis.The dash-dotline is the result of a sequential
analysis combining all 13 one-dimensionalexperiments to estimate
two linearlyvaryingsegments that represent the temperaturedepen-
dence of the thermal properties. The dash-dash line represents the
sequential analysis of the eight two-dimensional experiments. No-
tice that the prescribedend point temperaturesof the linear segments
are slightlydifferentfor the one- and two-dimensionalexperiments;
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Table 3 Estimated end points for two linearly varying segments from
a sequential analysis to describe temperature-dependent

thermal properties

q C ky kx
(b1 ¡ b3), (b4 ¡ b6), (b7 ¡ b9),

Temp, ±C J/m3±C W/m±C W/m±C

One-dimensional experiments
( a 1 D a 2 D 0.5E¡12), ( a 4 D a 5 D 0.25)

30 1.41 § 0.003 3.35 § 0.013 ——
260 2.56 § 0.006 4.60 § 0.019 ——
525 3.06 § 0.009 4.85 § 0.022 ——

Two-dimensional experiments
( a 1 D a 2 D 0.5E¡12), ( a 4 D a 5 D 1.0), ( a 7 D a 8 D 0.05)

65 1.52 § 0.008 3.82 § 0.078 59.5 § 0.89
250 2.29 § 0.008 4.76 § 0.056 61.2 § 0.59
430 2.71 § 0.012 5.17 § 0.065 56.9 § 0.68

One- and two-dimensional experiments
( a 1 D a 2 D 0.5E¡12), ( a 4 D a 5 D 0.25), ( a 7 D a 8 D 0.05)

30 1.41 § 0.004 3.32 § 0.021 61.0 § 1.0
260 2.34 § 0.007 4.81 § 0.034 60.5 § 0.57
525 2.98 § 0.016 5.01 § 0.052 55.7 § 1.22

Fig. 7 Estimated thermal properties considering each experiment in-
dependently, assuming thermal properties are constant for each exper-
iment and for a sequential analysis joining the experiments during the
analysis to estimate temperature-dependent thermal properties.

one-dimensionalexperimentsextendovera larger temperaturerange
than two-dimensionalexperiments.The estimated end points of the
linear segments from one- and two-dimensional experiments, with
con� denceintervals(discussednext), are given in the top two blocks
of Table 3.

A unique possibility of a sequential analysis is the joining of
unrelated experiments.This aspect is used to combine the one- and
two-dimensionalexperimentsto estimatea single temperature func-
tion for each property.To accomplish this, the estimated parameters
from sequentially analyzing the one-dimensional experiments are
used as the prior information to begin the sequential analysis of
the two-dimensionalexperiments.Because one-dimensionalexper-
iments estimate ky and q C (for a total of six parameters), before
beginning the two-dimensionalsequentialanalysis (estimatingnine
parameters) the prior informationweightingmatrix needs to be aug-
mented. The additional information added to the prior information
weighting matrix are the terms for regularizing kx . To add regu-
larization at this time for ky and q C is not required because it has

already been added at the start of the sequentialanalysis of the one-
dimensional experiments. The results of a sequential analysis that
combines the one- and two-dimensional experiments to estimate a
single temperature-dependent function for each property are shown
as the solid line in Fig. 7. The estimated linear functions using one-
and two-dimensional experiments are given in the bottom block of
Table 3.

Figure 7 andTable 3 containa great deal of information.There are
results from the 21 independent and three sequential analyses. The
linear functions estimated from the one- and two-dimensional ex-
perimentsseparatelyshowgood agreement.The linear segmentses-
timated with a sequential analysis of two-dimensionalexperiments
(dash-dashline) are above the segments from the sequentialanalysis
of one-dimensionalexperiments (dash-dot line) for ky ; the opposite
relationship is shown for q C . There is better agreement of the one-
and two-dimensional sequential analysis for q C than for ky . The
largest deviation is near high temperatures for ky . The slopes for
the two lines are most different there. The difference is because of
the limited two-dimensional data available at the higher tempera-
tures. A comparison of estimated properties from the independent
analysis of one- and two-dimensional experiments (open symbol
in Fig. 7) show a maximum deviation of 6–7%. The differences
between properties estimated with one- and two-dimensional ex-
periments are within the total experimental uncertainty.17

Because estimated values are available from one- and two-
dimensional experiments separately (for ky and q C ), this begs the
questionof which values,or combinationof estimatedvalues, to use
to describe properties. All experimental data points are not neces-
sarily equal. Some experiments have larger sensitivity coef� cients
for certainparameters;hence, these experimentsshouldbeweighted
more than those with smaller sensitivity. A sequential analysis can
combine the analysisof the one- and two-dimensionalexperiments.
In the sequentialprocedureexperimentswith larger sensitivitycoef-
� cients are automatically weighted proportionally more than those
experiments with smaller sensitivity through the prior information
weighting.

This point is re� ected in the sequential analysis that combines
one- and two-dimensional experiments (solid line in Fig. 7). For
example, at the lower temperatures for ky the estimated line from
the sequential analysis of combined one- and two-dimensional ex-
periments does not split the difference between the sequentially
estimated lines using one- and two-dimensional experiments indi-
vidually. Because there is a cluster of one-dimensionalexperiments
near the prescribed end point of this linear segment, it lies closer
to the end point from the sequential analysis of one-dimensional
experiments. These experiments have a larger sensitivity (for the
lower end point) than higher temperature experiments and are most
in� uential on the end point of the linear segment for a sequential
analysis. Consequently the sequential analysis of one-dimensional,
and combined one- and two-dimensional experiments, show close
agreement at lower temperatures for ky . The line from the com-
bined one- and two-dimensional experiments is closer to the two-
dimensional results for q C . This is believed to be the result of the
two-dimensional experiments having larger sensitivity to q C than
the one-dimensional.17 A curve � t of the properties would weight
all experiments equally, unless weighted least squares is used.

The properties estimated from an independent analysis are pre-
dominantly above the linear functions estimated with a sequential
analysis in Fig. 7: this is to be expected. The properties from the
independent analysis are plotted at the initial temperature of the
experiment. A better representative temperature is some indicative
average of the experiment and higher than the initial temperature.
The expectationis that the propertyvalues for the independentanal-
ysis should be shifted to a higher temperature to compare with the
linear segments. The property change with temperature is greatest
for ky , and it shows this effect most. This shift would produce a
closer agreement between the independentand sequential results in
Fig. 7.

Included in Table 3 are con� dence intervals (95%) for the end
pointsof the linear segmentsdescribingthe temperaturedependence
of the thermal properties. The con� dence intervals are calculated
assuming errors in temperature measurements only. The errors are
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Fig. 8 Comparison of sequentially estimated temperature-dependent
thermal properties with a curve � t of the independent analyses (one-
and two-dimensional experiments).

assumed normal, uncorrelated,with zero mean. These assumptions
produce conservative approximations;nevertheless, there is insight
available.

Con� dence intervals for the linear end points from the analy-
sis of two-dimensional experiments are larger than those for one-
dimensionalexperiments.The con� dence intervalsmay be as much
as six times as large for two-dimensionalexperiments,but the mag-
nitude is only 2% of the property value. When both one- and two-
dimensional experiments are considered, the con� dence intervals
increase with temperature (relative to the property value), with the
exception of kx . For kx the con� dence interval for the value at the
prescribed midtemperature is the smallest because of the limited
information available at the minimum and maximum temperatures
for kx .

To describe the temperature dependence when the experiments
are analyzed independently, the results (one- and two-dimensional
combined)are curve� t.1 To performa curve � t, a referencetempera-
ture is associatedwith the estimated properties for each experiment.
In this case the initial temperature is used as the reference temper-
ature. To curve � t, the kx independent results were assumed to vary
linearly, while an F-test18 indicated a second-order dependence is
needed to represent ky and q C . A comparison of the curve � t to the
estimated independent properties with the sequentially estimated
linear segments is shown in Fig. 8. The sequentially estimated lin-
ear functions closely approximate the curve � ts of the properties
estimated from an independent analysis. As was already noted, the
values for an independent analysis lie above those for a sequential
analysis. The curve � t functions are shifted along the temperature
axis. The agreement demonstrates that a sequential analysis results
in comparable estimated properties.

Selecting the correct magnitude of the regularizationand the pre-
scribed end point temperature values to represent the temperature
dependence of the properties are important issues in applying the
sequential analysis.Procedures to select the magnitude of the regu-
larization parameters were discussed in the preceding section. The
magnitudes listed in Table 3 were reduced several orders of mag-
nitude to demonstrate that the values are not in� uential on the � nal
estimated values. For convenience the prescribed end points of the
linear temperaturedependencewere selectedto be at equal intervals
over the temperaturerange.The midrangetemperatureis slightlyad-
justed to be near a value for which there is an experiment with the
same nominal temperature.

Noted by a reviewer was the extension of the current methods to
threedimensions.Thecurrentmaterialhadconductivitythatdiffered
in directions normal and parallel to the � ber direction. Fibers are
normal to the y direction in Fig. 2. The manufacturerof the carbon-
carbon suggestedconductivityparallel to the � bers (along the x and
z direction) was similar. Though not rigorously tested, experiments
demonstrated this to be the case.

If the material were fully orthotropic (three components of con-
ductivity), one could imagine an experiment that heats over only a
portion of surface to produce three-dimensionalheat � ow. A three-
dimensionalexperimentwould requirecarefullystudyingsensitivity
coef� cients prior to the experiment to investigatesensor placement,
heating area, heating duration, experiment duration, etc. A sequen-
tial analysis would allow experiments of increasing complexity to
be combined. A suite of experiments could progress from one-
dimensional experiments, to two separate two-dimensional experi-
ments investigatingtwo componentsof conductivity,culminatingin
a full three-dimensional experiment to study all three components
of conductivity. Whereas initially the experiments could be stud-
ied independently to perfect the techniques, in the end a sequential
analysis could combine the experiments.

V. Conclusions
A sequential procedure was presented that allows experiments,

possiblydifferent in nature, to be combinedduring the analysis.The
sequentialapproachwas applied to estimate temperature-dependent
thermal properties of carbon-carboncomposite from a series of ex-
periments covering a temperature range from room temperature to
500±C. The temperature dependence estimated with a sequential
analysis was compared with an analysis that considered the ex-
periment independently, assuming constant properties that varied
between experiments.

The sequentialanalysisproducedtemperaturedependencewithin
2–3% of the independentanalysis (plotted at the initial temperature)
for the thermalproperties.Experimentscan be analyzedin a sequen-
tial manner and without affecting the estimated thermal properties.
Using a sequentialanalysis,possibly fewer experimentscan be con-
ducted and accurately capture the temperature dependence.
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